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Cohomology of groups

Definition
Cr(T,E) = {f: I" — E},
d": C"(I',E) — C""}(T', E)
n+1
f— {(’70" - Yn+1 HZ 707' 7/3/\1'a"'7’7n+1)}'

i=0
I actson C"(I",E) :

(V- )V0y s v0) =7 F(7 905 7 M Y0).

0—— T, E) — L~ cy(r, By —%~ cr, E) %~
Fact :d"od"1=0 Vn>0.

— We can form Ker(d")/Im(d" '), not necessarily {0} anymore.
Define H™(T", E) = Ker(d")/Im(d"1).
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@ E Banach I'-module, i.e. Banach space with -action by linear
isometries
Example : E =R, with trivial [-action.
Note : In this talk, R will always carry the trivial I-action.

~+» bounded cohomology of I' with coefficients in E,

H{(T.E), n > 0.
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n+1
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Definition
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d": C/(I,E) — C/Y(T,E)
n+1
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The norm

Any f € CJ(T', E) has norm ||f||.
This descends to a semi-norm in cohomology :

Let ¢ € Ker(d") C CJ(T, E) represent a cohomology class
[c] € HI(T, E). Then

llellloe = inf {llc + d" ()l | b€ CJ7H(T, E)} > 0.

~ rigidity results, numerical constraints...
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The comparison map
There is a natural inclusion
C(rE)y — C"(I',E)

that commutes with the operators d”.
This induces a morphism in cohomology

" Hy (M E) — H"(T,E)
called the comparison map.
Question : When is this map injective ? Surjective ? Bijective ?
Theorem (Burger-Monod ’99)

Let I' be an irreducible cocompact lattice in a higher rank Lie
group. Then c": HZ(T, E) — H?(T, E) is injective for any
separable Hilbert space E with unitary I-action.
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Properties

Theorem
[ is finite < HJ([,E) =0 Vn >0,V Banach I'-module E.

Theorem (Johnson '72)

I is amenable <= H}(I,E) =0 Vn >0,V dual Banach
-module E.

Dual : E = L®(V,R).

Vgel,ANeE,veV, (g-M)(v) =g 'v).
Example : E =R = L*°({0},R) with trivial [-action.
Theorem (Bavard '91)

H2(I',R) = 0 = scl(I) = 0.










Separable dual : E is separable and dual.




Bounded cohomology of groups

Recent results

Theorem (Monod ’22)
o [ = F Thompson's group = H}(I',E)=0 ¥n>0,Y
separable dual Banach I'-module E.
o =H1Z=(®jezH)xZ = H](T,E)=0 Vn>0,V
separable dual Banach I-module E.

Separable dual : E is separable and dual.
Example : E = L2(V,R).




Bounded cohomology of groups

Recent results

Theorem (Monod ’22)

o [ = F Thompson's group = H}(I',E)=0 ¥n>0,Y
separable dual Banach I'-module E.

o =H1Z=(®jezH)xZ = H](T,E)=0 Vn>0,V
separable dual Banach I-module E.

Separable dual : E is separable and dual.
Example : E = L2(V,R).
Example : E =R = L2({0},R) with trivial [-action.







Bounded cohomology of groups

Recent results and question

Theorem (Monod ’22)
o [ = F Thompson's group = Hj(I,E)=0 Vn>0,V
separable dual Banach I'-module E.
o [ =H1Z=(®jezH) xZ = HJ(I,E)=0 Vn>0,V
separable dual Banach I'-module E.

Remark
@ Open if F is amenable.




Bounded cohomology of groups

Recent results and question

Theorem (Monod ’22)
o [ = F Thompson's group = Hj(I,E)=0 Vn>0,V
separable dual Banach I'-module E.
o [ =H1Z=(®jezH) xZ = HJ(I,E)=0 Vn>0,V
separable dual Banach I'-module E.

Remark
@ Open if F is amenable.
@ H=F, : F,7Z is not amenable!




Bounded cohomology of groups

Recent results and question

Theorem (Monod '22)
o [ = F Thompson's group = Hj(I,E)=0 Vn>0,V
separable dual Banach I'-module E.
o [ =H1Z=(®jezH) xZ = HJ(I,E)=0 Vn>0,V
separable dual Banach I'-module E.

Remark
@ Open if F is amenable.
@ H=F, : F,7Z is not amenable!

Question
What algebraic property does this vanishing capture ?
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Main theorem

Theorem (Campagnolo, Fournier-Facio, Lodha, Moraschini
'23)

I has commuting cyclic conjugates = H](I',E) =0 Vn >0,V
separable dual Banach I'-module E.

Definition (c. c. c.)

I has commuting cyclic conjugates if VH < T f. g.
dtel, meNsyU{oo} s t.

o [H,t™ =1 (if m= oo, t™ =1).
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Definitions : old and new

Definition (c. c. c.)

I has commuting cyclic conjugates if VH < T f. g.
dt € I, m € N>p U {o0} s. t.

o [H'Hl=1 V1i<p<m-1 (*H=tHt);

Definition (c. c.)

I has commuting conjugates if VH < T f. g. dt €T s. t.
[H,tH] = 1.

Remark
e IfT isf g and has c. c., then I is abelian.

@ c. c. and c. c. c. pass to quotients and derived subgroups.
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Set

t:e e, 1 <0 <,
et e, 1 < i< .

t € GLyj(R), ord(t) = 2, and
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Similar for SL(R), Sp(R), O(R), SO(R), E(R), ....
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Linear groups

HJ(GL(R),E) =0 V¥n > 0 for any separable dual Banach
-module E.

Similar for SL(R), Sp(R), O(R), SO(R), E(R), ....

Caution : NOT true in general for the individual groups
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Theorem (Burger-Monod '99)

X an irreducible symmetric space of non-compact type of rank
>3, I < Isom(X) a cocompact lattice. Then

e if X is not hermitian symmetric, then HZ(I,R) =0,

o if X is hermitian symmetric, then H2(T',R) is
one-dimensional, generated by the Kahler class.
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I = Sympl.(R?").
Let H <T af. g subgroup. So 3R > 0's. t. supp(H) C Bg(0).

te Symplc(Rzn)7 SUPP(H) N supp(tH) = (07 t2|supp(H) =id.
— [H,tH] = 1,[H,t’] = 1.
Similar for Sympl.(R?" x M), with M compact.




|deas of proof (1)

c. ¢. c. and wreath products

Proposition (C.-F.-F.-L.-M. "23)

[ has c. c. c<= YV H <T f. g subgroup, 3 countable amenable
group A, infinite transitive A-set X and homomorphism
fu: Hix A—T s t

@ fy|y: H — T is the inclusion, and

o Ker(fy) is amenable.
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c. ¢. c. and wreath products

Proposition (C.-F.-F.-L.-M. "23)
[ has c. c. c<= YV H <T f. g subgroup, 3 countable amenable

group A, infinite transitive A-set X and homomorphism
fu: Hix A—T s t

@ fy|y: H — T is the inclusion, and

o Ker(fy) is amenable.

Gromov == Hj(Hix A, E) = Hi(Im(fy), E).

r= U H= |J Im(fa)

HSf.g.r HSf.gr




|deas of proof (2)

Wreath products and bounded cohomology

Proposition (Monod '22, C.-F.-F.-L.-M. ’23)
IfT = Hx A with

@ H, A countable;

@ A amenable;

@ X countable set, A ~ X, all orbits Ax are infinite;

then for any separable dual Banach T-module E, the complex of
cochains y
0— EM % gm 4 gm0

computes H;(T, E).

= Hj(l,E)=0 ¥n>0.







|deas of proof (3)

Vanishing modulus

Definition
" group, E Banach -module, n > 0. The n-th vanishing modulus
of I with coefficients in E is
|HE(T, E)|| = inf{K € [0,00]|Vz € Z](T,E),3b € C[,’_l(l', E)r
s.t. d"H(b) = z,||blloc < Kl|zllso}-

Remark
lfHHg(I', E)|| < oo, H,’;(I', E)=0.
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Vanishing modulus

Definition
" group, E Banach -module, n > 0. The n-th vanishing modulus
of I with coefficients in E is

IHE(T, E)|| = inf{K € [0, 00]|Vz € Z{(T, E),3b € C7 (T, E)
s.t. d"(b) = z,[[blloc < Klz]loo}-

Remark
lfHHg(I', E)|| < oo, H,’;(I', E)=0.

Proposition (C.-F.-F.-L.-M. '23)

| index set, I group, n > 1.

Let {T;}ie; be a family of subgroups of ' s. t. VH <T f. g., Jig € |
s.t. H<L F,-O.

= ||HJ(T, E)|| < supjes ||1HE(T i, E)|| VE separable dual Banach
-module.




|deas of proof (3)

Vanishing modulus

Proposition (C.-F.-F.-L.-M. ’23)

| index set, [ group, n > 1.

Let {T';}ics be a family of subgroups of I s. t. YVH <T f. g., Jip € |
s.t. H< F,-O.

= ||HJ(T, E)|| < supje; ||HE(T}, E)|| VE separable dual Banach
[-module.

Proposition (C.-F.-F.-L.-M. ’23)
Vn> 13K, € [0,00) s. t. VI = H1x A with
e H, A countable;
o A amenable;
@ X countable set, A ~ X, all orbits Ax are infinite;

V separable dual Banach I'-module E, ¥ normal amenable
N < HiwxA,
|Hp((H 2x A)/N, E)|| < Kn.




Thank you for your attention !
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Recent results

Theorem (Monod ’'22)
o [ = F Thompson's group => Hy(ILE) =0 Vx>0,V
separable dual Banach I'-module E.
o N=H1Z=(®nezH) ©Z = Hi(I,E)=0 Vx>0,V
separable dual Banach I-module E.

Theorem (Monod-Nariman ’23)
Let j>1,r e NU{oo}, and M be a closed manifold. If T is
e Homeo (M x R/),
o Diffeo’ (M x R)),
e Homeo, o(M x R)),
o Diffeof o(M x R/),
= Hp(I,E)=0 Vn>0,V separable dual Banach I'-module E.




