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Objects

(Continuous) Spectrum of

T d f L2(T\G
Laplace-Beltrami operator ) — SCHIPOTeAess (IG)

Critical exponent of

discrete subgroup

(Poincaré sereis)

Application (original motivation): Strichartz inequality
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Noncompact symmetric space of

H" = H*(R) H"(C) H™ (H) H2(0)
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L*-Spectrum

o —Af=\f
e o(—A)={\eC|(-A—-X)"1:L?— L? does not exist}

Euclidean setting

» Torus Z"\R™: g4(—A)
R™: o.(—A) = [0, 00)

» ZR\R™: 04(—A) U o.(—A)

A\

Real Hyperbolic space

Spectral gap ge(—A)

A\
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Hyperbolic Surface

Hyperbolic plane Spectral gap oc(—A)

H2 = SL(2,R)/SO(2)" N (F2) =

>
0.0

Modular curve SL(2,Z)\H?* (non-compact and finite area):
gi(—A) C o.(—A)

N ‘

i.e., there are
¢ infinitely many embedded eigenvalues
e no exceptional eigenvalues

(Selberg’s 1/4 Conjecture for general Riemann surface)




Hyperbolic Surface

Hyperbolic plane Spectral gap oc(—A)

>
0.0

H? = SL(2,R)/SO(2)" N (F2) =

09

Thin group: I' < SL(2,R) s.t. Vol(I'\H?)




Hyperbolic Surface

Hyperbolic plane Spectral gap oc(—A)
H?* = SL(2,R)/SO(2)" 0 \o(H2) = i 00
Thin group: I' < SL(2,R) s.t. Vol(I'\H?) = oo
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O = = - - >
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y




Hyperbolic Surface

Hyperbolic plane Spectral gap oc(—A)
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i.e., all eigenvalues are exceptional (finitely many)

|grad f||* dvol
Characterize \o(I'\X) := o fF\X

—info.(—A
reclo oy 172 dvo o




Critical Exponent

1 I |d <R
5r — limsup 281y € Tld(e, 7e) < 1)
R— o0 R




Critical Exponent

I I'|d <
5o — 1im aup B €Tl d(es0) < BY)
R— o0 R .

\

-

or =inf{scR | Z e sdee) < o9
yel’

/

. 3 . —sd(e,ve
Poincaré Series: E e~ sdleve)
vyel’

< 00 if s> or
— 00 if s <or

eg. InH?: 0<ér<1 InH™ 0<épr<n-—1



Characterization in Dimension 2

L?(T'\X) is tempered




Characterization on G/K of Rank 1

Mo (T\X) = p? L?(T'\X) is tempered

Theorem [Elstrodt '73, Patterson '76, Sullivan '87 JDG, Corlette '90 Invent. Math.]

p° if 0<dr <p

Ao(I\X) =
{pQ—(ér—p)2 if p<ér <2p

where p = 21 on H*(R), n on H*(C), 2n + 1 on H"(H), 11 on H?*(O) 4




Temperedness (F2tt)

G connected semisimple Lie group == direct integrals:

D D
L*(T\G) = /@ H,dv(m) and  L*(\X) = f (H)" dv(r)

_~

G

In rank 1, G x consists of
e the unitary spherical principal series 74y (A € R/ + 1)

e the trivial representation 74, =1

e the complementary series w4\ (A € I), where

7 (0, p) if X =H"(R) or H"(C)
(0, e 1] if X = H"(H) or H2(0)

(no higher rank analogue)



Temperedness

A (T\X) = p? < » L?(I'\G) is tempered

o) < p

By definition

o L2(I'\@) is called tempered if G does not involve complementary series

e —A acts on (H,)® by multiplication by \? + p?

A




Question

Ao (T\X) = p? < » L?(I'\G) is tempered

o) < p

(® When I'\ X is of higher rank and infinite volume?
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Noncompact (Riemannian) Symmetric Space

A noncompact symmetric space is a complete Riemannian manifold

e with nonpositive sectional curvature

e which is simply connected (Cartan-Hadamard manifold)

e with symmetric property

e which growths exponentially fast at infinity

e which can be identified as a homogeneous space G/K

e.g. H? = SL(2,R)/SO(2) and H® = SL(2,C)/SU(2)



Noncompact symmetric space

Locally Symmetric Space
Noncompact symmetricspace

X =G/K
¢ (G noncompact semisimple Lie group (connected, finite center)

e K maximal compact subgroup of G

o [' < (: discrete and torsion-free subgroup of G

e [' is a lattice: Vol(I'\XX) < oo

e I' has infinite covolume: Vol(I'\X) = oo



Rank

Weyl Chamber
Ramk

Cartan subspace a: maximal connected, totally geodesic, flat sub-manifold of X

a ~ R and { =dima=rankG/K

A\

A

Positive Weyl chamber a™

Yo eat: (af,v) >0




Weyl Chamber
Ramk

Rank

Cartan subspace a: maximal connected, totally geodesic, flat sub-manifold of X

a ~ R and ¢ =dima=rankG/K

A\

e Cartan decomposition G = K (expat)K

Weyl Chamber a™

p-axis

N
/\
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Rank

Weyl Chamber
Ramk

Cartan subspace a: maximal connected, totally geodesic, flat sub-manifold of X

a ~ R and ¢ =dima=rankG/K

A\

e Cartan decomposition G = K (expat)K

Weyl Chamber a™

e Cartan projection y: G — at such that

p-axis

e d(e,ve) = [u(y)|| VyeT

- : + ; — 1
In higer rank: p € a™ is a vector, known as p = 5 ) csi+ MaQ



General Characterization

Ao(INX) = [[p]I®

A

2

2 — (or — [lpll)?

if 0 <dp <|lpl|

if |lpll < dr < 2ol




Critical Exponent

e |Leuzinger ’03|: Lower and upper bounds of A\g(I'\X) in terms of

or = inf {s = ]R| 26_3““(7)” < oo}

yel’



Critical Exponent

e |Leuzinger ’03|: Lower and upper bounds of A\g(I'\X) in terms of

or = Inf< s € ]R| Z e S « o
yel’

e |[Carron-Pedon ’04, Anker-Z. ’22|: Introduce the modified critical exponent

P

o =inf{ s € IR{‘ Z o~ mints,[lell} (g p(v)) —maxi0,s—lpll HInNI -
vel

o 0 < ép <ér <2|p|| and ér = ér in rank 1

31



Critical Exponent

Weyl Chamber a™

p-axIs

32



Temperedness

Mo (T\X) = ||p|? L*(T'\G) is tempered
5(T) < ol Yr(H) < p(H) VH €a

Equivalence

e [Edwards-Oh '23 Commun. Am. Math. Soc.] : if ' is Anosov

e [Lutsko-Weich-Wolf '24] : in general

A




Growth Indicator Function

Weyl Chamber a™

p-axIs

wF(H) - ||HH ianEC iﬂf{S - R| Z’YEF,M(’Y)EC e_SHNJ('Y)” < @Q} [Quint '02 GAFA]



Ao(TN\X) = [|p[|? L*(T'\G) is tempered
\
} !
6(T) < [|pl| < » ¢r(H) < p(H) VH €a
5 SUP a7 Yr(H) - % if Yr <p
upyy e U el otherwise ;




Mo (T\X) = ||p]|* < » L?(I'\G) is tempered
6(T) <l < » ¢r(H) < p(H) VH €a

Theorem [Wolf-Z. '24 PAMS]

Ao(T\X) = [lp? — max {0, sup
Hear | H ||

A




Kunze-Stein Phenomenon

L'(G) * L*(G) C L*(G)

» N =

_____________

A~
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O == -
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Kunze-Stein Phenomenon

e Young’s inequality: LP(G) x L4(G) C L"(G) % + % =< +1
L'(G) * L*(G) C L*(G)
e Kunze-Stein: LP(GQ) x L*(G) c L*(G) 1 <p<2
i __________ (_1,_1,1) i
i 34 De
(0,1,0) :I_é__l _______ ,!_% _________
(1 6,/0) z > »



PDE Motivation

e.g. Free Schrodinger equation: (i0; + Ayz)u(t,x) =0, u(0,z) = f(x)

whose solution is given by u(t, z) = 2 f(z)

Strichartz estimate

1/p
fullzzzznm = ([ dtlulann) S 1l

e for all admissible pairs (p, q)

e s = (: without loss; s > 0: with loss of derivatives

e 7 bounded: local-in-time; 7 unbounded: global-in-time

|




Strichartz Estiamte

e.g. Free Schrodinger equation: (i0; + Ayz)u(t,x) =0, u(0,z) = f(x)

whose solution is given by u(t, z) = 2 f(z)

In R™ [..., Strichartz '77 Duke, ..., Keel-Tao '98 AJM]

Global-in-time Strichartz inequality without loss

lulle v, Lany) S 1f1r2rm)

holds for all admissible pairs (p, q), i.e.,

S+ 2=2 p>2 (pgq) # (2,00 4




Strichartz on manifolds

In R"

Global-in-time Strichartz holds without loss of derivatives

Compact manifold (M, g)

. . 1/p
e aul| e (1, L3 (ary) = (/IdtHe”AguoIqu(M)) S llwoll s (an)

e / is bounded
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Strichartz on manifolds

In R"

Global-in-time Strichartz holds without loss of derivatives

Compact manifold (M, g)

. . 1/p
e aul| e (1, L3 (ary) = (/IdtHe”AguoIqu(M)) S ol zs ()

e / is bounded

o T" |Bourgain '93 GAFA|: s > 7§ — %

e M |Burqg-Gérard-Tzvetkov 04 AJM|: s = 219

Question: on which manifolds does Strichartz hold without any loss 7



Strichartz on G/K

Global-in-time Strichartz estimate

HeitAuOHLf(R,L%(G/K)) S |U0||L2(G/K)

holds without any loss of derivatives for all (p,¢) admissible:

‘.r-n Il-l

[Anker-Meda-Perfelice-Vallarino-Z. '23 JDE, Anker-Z. '24 AJM]



On Locally Symmetric Space

Strichartz estimate

Global-in-time Strichartz inequality holds without lossing any derivatives for

the large X-admissible set if the following conditions are met:

e X hasrank 1

e ' is convex cocompact

o Or < P
[Burg-Guillarmou-Hassell '10 GAFA, Fotiadis-Mandouvalos-Marias '18 Math. Ann.] 7
‘/-\‘ I' convex cocompact

.' F\Conv(]g[p) compact

Figure: Convex hull of the limit set Ar in H?



Strichartz estimate

On Locally Symmetric Space
Strichartzestimate

Global-in-time Strichartz inequality holds without lossing any derivatives for

the large X-admissible set if the following conditions are met:

e X hasrank 1

e ' is convex cocompact

o Or < P
[Burg-Guillarmou-Hassell '10 GAFA, Fotiadis-Mandouvalos-Marias '18 Math. Ann.] 7

Remark.

e iy small enough = T is convex cocompact |Liu-Wang ’23 GT|

e )p <p = temperedness =— Kunze-Stein [Z. 20 JGA|
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