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The Exterior Derivative

(For simplicity) let M be a smooth closed manifold: it is compact and has

no boundary. Denote by QP(M) the space of smooth p—forms on M.

Recall that there is a unique linear map d : QP(M) — QP*L(M), called the

exterior derivative, which satisfies the following three properties.

@ Recall that Q°(M) is the collection smooth functions on M. Then, for
f € QO(M) the element df € Q'(M) is the usual differential of f: for
all w € T,M we have df (w) = w(f).

@ ForneQP(M) and o € Q9(M) we have
dinNo)=(dn) Ao+ (—1)Pn A (do).

© The map dod: QP(M) — QPT2(M) is the zero map: we have
dod=d?=0.
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The de Rham Cohomology

Let M be a smooth closed manifold, and fix p. Set

B ={weQP(M):dw=0} and

Z ={w e QP(M): 3o € QPY(M),do = w}. We define
B

HER(M) = . &
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Line Integrals

Let M be a closed smooth manifold, let w € Q*(M), and let
v :[0,1] — M be a smooth curve. Recall that the line integral of w along

v is defined to be
1
/w = / 7 w. (2)
o7 0

o
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Smooth Curves are Dense

Let M be a smoot closed manifold, and let ~y : [0,1] — M be a continuous
curve. Then, there is a smooth curve 7 : [0,1] — M whose endpoints
agree with . Furthermore, this curve is homotopic to y with respect to its
endpoints.

An application of the Whitney Approximation Theorem. []
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Sketch
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On Smooth Manifolds, Smooth Curves are Enough

Observation

The Whitney approximation means that for a smooth closed manifold M,
if we wish to understand 7m1(M) we may restrict our attention to smooth
curves, and smooth homotopies.
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Homotopy Invariance

Let M be a closed smooth manifold, let o and 1 be two smooth curves
with the same endpoints, and let F : [0,1] x [0,1] — M be a smooth
homotopy between them which fixes the endpoints. If w € QY(M) is such

that dw = 0, then
/ w= / w. (3)
71 Y2

v
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Sketch

O:LX/F*dw:fmwf W
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Integral Cohomology Lattice

Definition

Let M be a smooth closed manifold, let H}5(M) be the first de Rham
cohomology, and let 71 (M) be the fundamental group where we are only
considering smooth loops and smooth homotopies. Denote by H(M; Z)r
the following subset:

HHM; ) = { ] € Hlp(M): [oczvre nm}. @

We call HY(M; Z)R the integral cohomology lattice.
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Maps to S!

Let M be a smooth closed manifold, and let H'(M; Z)r be the integral
cohomology lattice. For every w € Q*(M) such that [w] € HY(M; Z)g we
get a smooth map £, : M — S*.
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Let M _be the universal cover, let 7 : M — M be the covering map, and fix
Xo in M. Then, the map £, (x) = f%ﬂ w is a well defined map from M to
R.
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Suppose that 7(x) = 7(y), and let 7, be a curve from x to y; the curve
Yy = Yy - Vx goes from xg to y. We have

%;(y)—i,(x)z/ ﬂ*w:/ wez.
b o)

=)
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The Best Representative

Observation

Since representatives w of elements of H*(M;Z)g generate maps

f, : M — S, we may expect that well behaved representatives give well
behaved maps.

Edward Bryden (University of Antwerp) Harmonic Representatives November 6, 2025 15 /27



Raising and Lowering

Definition
Let (M, g) be a smooth Riemannian manifold, and let p € M. Then given
ve T,M we let V" be the unique covector in T, M such that for all
w € Tp(M) we have

v (w) = g(w,v). (5)

Similarly, given o € T, M we let o be the unique vector in T,M such that
for all vectors w € T,M we have

g(o*, w) = o(w). (6)

v

Edward Bryden (University of Antwerp) Harmonic Representatives November 6, 2025 16 /27



Raising and Lowering Tensors

Let (M, g) be a smooth Riemannian manifold, and let p € M. Then g
gives rise to maps we get mapsb : Q:_; T,M — ®TyM and
£ Qi ThoM = @T,M

(1] Foru:v1®---®v,setub:v|1’®---®v|,’
©Q Extend b by linearity.

A\,
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Contraction

Definition
Let M be a smooth manifold, let p € M, and let k € N. Suppose we have
c=01QR -0 € ®,’le TpMand v =11 ® - Qv € ®f-‘:1 TpM Then,
we define (o,v) = 01(v1) - - ok(vk). This pairing is bi-linear in o and v,
and so extends to a bilinear map

k k
() Q) TyM x R) T,M — R. (7)
i=1 i=1
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Innerproduct on Tensors

Definition

Let (M, g) be a smooth Riemannian manifold, let p € M, and let k € N.
Given v, w € ®F_, T,M we define

gp(v,w) = <vb, w). (8)

Definition

Let (M, g) be a smooth Riemannian manifold, let p € M, and let k € N.
Given 0,1 € ®f-(:1 Ty M we define

go(0,n) = (0,7). (9)
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Innerproduct on Forms

Definition

Let (M, g) be a smooth Riemannian manifold, let p € M, and let k € N.
The innerproduct g, on ®@%_; T,M and @*_, T;M descends to an

innerproduct g, on /\f-‘:1 TpM and /\,l-(:1 T, M.

Edward Bryden (University of Antwerp) Harmonic Representatives November 6, 2025 20/27



N
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The Orthonormal Basis

Definition

Let m and k be natural numbers. Let us denote by /(k, m) the set

I(k, m) = {(n,-),.k:1 nie{l,... m}}. (10)

We call elements of /(k, m) multi-indices.

Definition
Let m and k be natural numbers, and suppose that kK < m. We denote by
J(k, m) the set

J(k, m) = {(n,-)f cnie{l,....m}and n < njif i <j}. (11)

We call elements of J(k, m) increasing multi-indices.
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The Orthonormal Basis

Let (M, g) be a smooth m-dimensional Riemannian manifold, let p € M,
and let k € N. Let {E;}{" be an orthonormal basis for T,M, and let
{©i}1" be the dual basis for T;M: we have ©;(E;) = 0;. For | € I(k, m)
let E; denote Ej, @ --- ® Ej,. Then, the collection {E;} ci(k,m) is an
orthonormal basis for ®ff:1 TpM. If k < m, then {©,} je jk,m) IS an
orthonormal basis for \X_, ToM.
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Innerproduct on Forms

Definition

Let (M, g) be a smooth closed oriented Riemannian manifold. Then, given
w,o € QK(M) we define their innerproduct to be

) = / 0 (w75 75) AV () (12)
M
ey em————r—
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Harmonic Representative

Definition

Let (M, g) be a smooth closed oriented Riemannian manifold, and let w
be an element of H.(M). Suppose that w € Q¥ is such that [w] = w and

/M o 09,0 A1) = it ) £ [ = (13)

Then, we call w an harmonic representative of w.
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Harmonic Representative

Let (M, g) be a smooth closed oriented Riemannian manifold, and let w
be an harmonic representative.

@ For any n € Q%71 consider the path t — w + tdn.

Q@ Wehave 0= 2| [\, 8w+ tdn,w+ tdn)dVe =2 [, g(w, dn)dV.

© Taking the adjoint, we have 0 = [,, g(d*w,n)dV} for all 1: we must
have d*w = 0.
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Dual to the Exterior Derivative

Definition

Let (M, g) be a smooth closed oriented Riemannian manifold. Then, we
define § : Qk1(M) — QK(M) to be the adjoint of d: given w € QKF1(M)
the form dw is the unique element of QX(M) such that for all n € Q¥(M)

we have

g(ow,n) = g(w, dn). (14)
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